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E-mail address: Tlwarre@msn.com (T.L. Warren).In this paper, we develop a new non-ordinary state-based peridynamic method to solve transient
dynamic solid mechanics problems. This new peridynamic method has advantages over the previously
developed bond-based and ordinary state-based peridynamic methods in that its bonds are not restricted
to central forces, nor is it restricted to a Poisson’s ratio of 1/4 as with the bond-based method. First, we
obtain non-local nodal deformation gradients that are used to deﬁne nodal strain tensors. The deforma-
tion gradient tensors are used with the nodal strain tensors to obtain rate of deformation tensors in the
deformed conﬁguration. The polar decomposition of the deformation gradient tensors are then used to
obtain the nodal rotation tensors which are used to rotate the rate of deformation tensors and previous
Cauchy stress tensors into an unrotated conﬁguration. These are then used with conventional Cauchy
stress constitutive models in the unrotated state where the unrotated Cauchy stress rate is objective.
We then obtain the unrotated Cauchy nodal stress tensors and rotate them back into the deformed con-
ﬁguration where they are used to deﬁne the forces in the nodal connecting bonds. As a ﬁrst example we
quasi-statically stretch a bar, hold it, and then rotate it ninety degrees to illustrate the methods ﬁnite
rotation capabilities. Next, we verify our new method by comparing small strain results from a bar ﬁxed
at one end and subjected to an initial velocity gradient with results obtained from the corresponding one-
dimensional small strain analytical solution. As a last example, we show the fracture capabilities of the
method using both a notched and un-notched bar.
 2009 Published by Elsevier Ltd.1. Introduction
Many problems of fundamental importance in solid mechanics
involve existing and spontaneously forming discontinuities such as
cracks and voids. The general mathematical framework that has
been developed for continuum mechanics is not well suited for
modeling such problems due to the fact that partial derivatives
are used to represent the relative displacement and force between
any two neighboring particles, and fail to exist at discontinuities. In
Silling (2000), a new method referred to as the peridynamic theory
was developed which replaced differentiation in the equation of
motion with integration to compute the forces acting on particles
in the body. By using integration, the method does not distinguish
between points in a body where discontinuities exist, and addi-
tionally it can nucleate and propagate discontinuities.
In this paper, we extend the previously developed bond-based
and ordinary state-based peridynamic methods developed by
Silling (2000) and Silling et al. (2007) to a non-ordinary state-basedElsevier Ltd.method. With the bond-based and ordinary state-based methods
the bonds are restricted to only central force loading and addition-
ally, the bond-based method is restricted to a Poisson’s ratio of 1/4.
With the new non-ordinary state-based peridynamic method, the
forces in the bonds are represented with conventional strain and
stress tensors which allow for the use of general constitutive mod-
els, and the bonds are able to carry stresses in all directions which
is much more realistic for modeling a continuum. Additionally, the
non-ordinary state-based method has the ability to model general
non-linear anisotropic materials which is essentially not possible
with the bond-based and ordinary state-based methods.
We begin by developing non-local nodal deformation gradients
which are then used to obtain non-local Lagrangian strain tensors
for each node. Once the non-local nodal Lagrangian strain tensors
are obtained they can be employed to obtain the non-local rate
of deformation tensors. Using the polar decomposition of the
non-local nodal deformation gradient tensors, we obtain the non-
local nodal rotation tensors and rotate the non-local nodal rate of
deformation tensors and previous non-local nodal Cauchy stress
tensors into an unrotated conﬁguration where the non-local
Cauchy stress rate is objective as discussed by Flanagan and Taylor
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dal rate of deformation tensors can be employed with any conven-
tional Cauchy stress constitutive model to obtain the non-local
unrotated conventional Cauchy nodal stresses. Once the updated
non-local nodal Cauchy stress tensors are obtained, they are ro-
tated back to the global deformed conﬁguration and used to deﬁne
the forces in the nodal connecting bonds. In this paper, we utilize
an isotropic elastic–plastic linear hardening constitutive model to
obtain the non-local nodal stresses from the non-local nodal
strains. Once the non-local nodal deformation gradients and non-
local Cauchy stresses in the deformed conﬁguration are known,
the peridynamic force vector state functions for each bond at a
node can be obtained and used in the internal force integral which
replaces the derivatives in the equation of motion. The peridynam-
ic method is signiﬁcantly different than the ﬁnite element method.
With the ﬁnite element method, accelerations, velocities, and dis-
placements are initially obtained at the nodes. A set of shape func-
tions are then used to deﬁne the state of displacement within each
ﬁnite element in terms of its nodal displacements. This then de-
ﬁnes the state of strain and stress within the ﬁnite element as de-
scribed by Zienkiewicz (1977). With the peridynamic method,
accelerations, velocities, displacements, strains and stresses are
all obtained at the nodes. Additionally, all tensors that are func-
tions of the deformation gradient at any node x are non-local,
and deﬁned at the node x.
To conﬁrm our new method, we ﬁrst quasi-statically stretch a
bar, hold it, then rotate it through an angle of ninety degrees which
illustrates the ﬁnite rotation capabilities of the new method. Next,
we consider a bar that is ﬁxed at one end and subjected to an initial
velocity gradient. We solve the problem using the discrete form of
the non-ordinary state-based method and compare the results
with results obtained from the corresponding one-dimensional
small strain analytical solution. It is observed from the results that
there is very good agreement between the two methods. We con-
clude by showing the fracture capabilities of the method by simu-
lating the fracture of both a notched and un-notched bar subjected
to an initial velocity gradient. These results imply that the new
non-ordinary state-based peridynamic method is a valuable re-
source for solving solid mechanics problems and is able to easily
deal with existing and nucleating discontinuities.
2. State-based peridynamic theory
The peridynamic theory is a reformulation of the basic equa-
tions of solid mechanics that was introduced by Silling (2000).
What is accomplished through this reformulation is that the basic
equations of motion and constitutive model apply directly on dis-
continuities such as cracks. This is in contrast to the standard the-
ory of solid mechanics, in which the basic partial differential
equations (PDEs) cannot be applied directly on a crack, because
the required spatial derivatives do not exist there. The ability to ap-
ply the peridynamic equations everywhere allows for greater gen-
erality and ease of computation in problems in which there are
multiple, mutually interacting three-dimensional cracks whose
growth trajectory is not known in advance. The peridynamic ap-
proach thereby avoids the need for the special techniques of frac-
ture mechanics, which in the standard approach impose
supplemental equations on the mathematical system to determine
the growth of cracks.
The general idea of the peridynamic model proposed in (Silling,
2000) involves direct interaction of continuum points separated
from each other by a ﬁnite distance through ‘‘bonds”. The physical
nature of the interaction is not speciﬁed. Each continuum point
interacts with an inﬁnite number of its neighbors within a given
interaction distance called the ‘‘horizon”. Each bond acts indepen-
dently of all the others. Damage is incorporated into the model byallowing bonds to break irreversibly when their strain (change in
length divided by initial length) exceeds some critical value. After
a bond breaks, it no longer sustains any force.
The general concept of modeling interaction between contin-
uum points as bonds of ﬁnite length apparently was ﬁrst proposed
by Navier (1823), who employed linearized kinematics to repre-
sent the relative motions of the endpoints of the bonds, as well
as a linear model for bond force versus bond strain. Kunin (1982)
used the same general idea applied to interpolation functions be-
tween discrete particles in a perfect lattice as a way to analyze
the effects of non-locality and certain aspects of microstructure.
However, this quasicontinuum model again assumes linear kine-
matics and constitutive response. It also assumes central force
interactions. The peridynamic model expands on these approaches
to provide a more general mathematical framework including all
aspects of non-linearity in kinematics and material response,
including damage, fracture, history dependence, long-range forces,
and the effects of surfaces and interfaces. It also allows for changes
in interaction distance, apparently offering a natural setting in
which to perform multiscale modeling.
The idea of continuum particles interacting through indepen-
dent bonds implies certain restrictions on the constitutive model,
in particular that the Poisson ratio is 1/4. It also makes it inconve-
nient or impossible to represent aspects of material response in
which collective behavior between bonds is involved, such as vol-
ume changes. To avoid these restrictions, the peridynamic theory
was generalized to allow interaction between bonds. This general-
ization is achieved using the idea of peridynamic states.
A peridynamic vector state A is a mapping that associates a vec-
tor denoted Ahx0  xi with each bond n = x0  x within a neighbor-
hood of any point x. The bond that the vector state operates on is
written in angle brackets to distinguish it from other quantitities
that the state itself may depend on. A vector state can be thought
of as a generalization of a second order tensor, which is a linear
mapping of vectors into vectors. Unlike a second order tensor, a
vector state can be non-linear and possibly discontinuous in its
dependence on the bond.
An important vector state is the deformation state Y, whose va-
lue operating on the bond x0  x is the deformed image of the
bond:
Yhx0  xi ¼ y0ðx0; tÞ  yðx; tÞ; ð1Þ
where y0(x0, t)  y(x, t) = y(x + (x0  x), t)  y(x, t) = u0(x + (x0  x), t) 
u(x,t) + x0  x = g + n = (u0 + x0)  (u  x), and u0(x0, t) and u(x, t) are
the displacements of points initially at x0 and x, respectively. The
deformation state is the basic kinematical quantity that is used
for constitutive modeling in the state-based peridynamic theory.
For an elastic material, the strain energy density is given by a sca-
lar-valued function of the deformation state, W(Y). The analogous
quantity in the standard theory has the form W(F), where F = @y/
@x is the deformation gradient tensor.
By writing down the total potential energy functional for an
elastic peridynamic body under external body force loading b,
Uu ¼
Z
B
fW  b  ugdV ; ð2Þ
and evaluating the ﬁrst variation, the peridynamic equilibrium
equation is obtained from the Euler–Lagrange equationZ
Hx
fT½xhx0  xi  T½x0hx x0igdVx0 þ bðxÞ ¼ 0; ð3Þ
where Hx is a spherical neighborhood of given radius d centered at
point x in the reference conﬁguration as shown in Fig. 1, u is the dis-
placement vector ﬁeld, and b is a prescribed body force vector den-
sity ﬁeld. T[x] is a vector state called the force state. The force state
is deﬁned by
x’
x
δ
Hx
B
Fig. 1. Body B with subregion Hx.
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where r denotes the Frechet derivative. The deﬁnition of the Fre-
chet derivative, for present purposes, is that for any inﬁnitesimal
change in the deformation state dY, the resulting change in the
strain energy density is given by
dW ¼ WðY þ dYÞ WðYÞ ¼
Z
H
Thni  dYhnidVn; ð5Þ
where H is a sphere centered at the origin with a given radius d.
Note the conceptual similarity between the Frechet derivative in
the peridynamic framework and the tensor gradient in the classical
theory of a hyperelastic material:
dW ¼ WðFþ dFÞ WðFÞ ¼ @W
@Fij
dFij: ð6Þ
From d’Alembert’s principle applied to the peridynamic equilibrium
equation, the peridynamic equation of motion (Silling et al., 2007) is
given by
qðxÞ€uðxÞ ¼
Z
Hx
fT½x; thx x0i  T½x0; thx x0igdVx0 þ bðx; tÞ: ð7Þ
If a vector valued function f is deﬁned by
fðx0;xÞ ¼ T½x; thx x0i  T½x0; thx x0i; ð8Þ
i.e., by the integrand in (7), then this f can be viewed as the force
density (per unit volume squared) that any small volume dVx0 at
the point x0 exerts on any dVx at the point x. Observe that
fðx; x0Þ ¼ fðx0; xÞ; ð9Þ
which assures consistency with Newton’s third law. Also observe
that f has contributions from the force states at both x and x0. Thus,
neither the force state T[x, t] nor T[x0, t], by itself, is sufﬁcient to
determine the interaction between the points, since this interaction
includes the combination of the two force states.
It is convenient, although not essential, to assume that points
separated from each other in the reference conﬁguration by a dis-
tance greater than a prescribed number d do not interact. This
maximum interaction distance d is called the horizon of the
material.
The dependence of T on Y contains all the constitutive informa-
tion about the material. If the material is such that the force state is
supplied by T =rW, then the material is elastic. However, other
material models are easily implemented in the peridynamic
architecture.
To actually solve general problems with the peridynamic meth-
od, the representation in (7) must be discretized into nodes deﬁned
in the reference conﬁguration. Each node j has a deﬁnite position xj
and volume Vj in the reference conﬁguration, and therefore a def-inite mass q(xj)Vj. This discretization has been implemented in a
three-dimensional code called EMU (Silling and Askari, 2005).
The expression in (7) is discretized using Riemann sums as follows:
qðxjÞ€uðxj; tÞ ¼
Xm
n¼1
fT½xj; thxn  xji  T½xn; thxj  xnigVn
þ bðxj; tÞ; j ¼ 1;2; . . . ; q; ð10Þ
where the subscript j corresponds to the particular node number
(and generates a system of equations equal to q which is the num-
ber of nodes in the system), andm is the number of unbroken bonds
that connect each node j to all of the nodes within its horizon. This
set of q equations are solved using an explicit central difference
time integration method for accelerations, velocities, displace-
ments, strains, and stresses at each jth node in the body.
To obtain the current values of displacement, velocity, and
acceleration, we use a modiﬁed explicit central difference time
integration scheme as discussed by Taylor and Flanagan (1989).
With this method, the velocities are integrated with a forward dif-
ference, while the displacements are integrated with a backward
difference. To obtain the velocities, and displacements at the next
time step, (10) is put in the form
qðxjÞuðxj; t þ DtÞ  2uðxj; tÞ þ uðxj; t  DtÞ
Dt2
¼
Xm
n¼1
fT½xj; thxn  xji  T½xn; thxj  xnigVn þ bðxj; tÞ; ð11Þ
where Dt is the time step. Integrating (11) with respect to time
explicitly gives the velocities and displacements for each node xj
in the system as
_uðxj; t þ DtÞ ¼ _uðxj; tÞ þ €uðxj; tÞDt;
uðxj; t þ DtÞ ¼ uðxj; tÞ þ _uðxj; t þ DtÞDt:
ð12a-bÞ
This explicit method requires a critical time step for numerical sta-
bility which can be approximated by the transit time of a dilata-
tional wave over the shortest length scale in the system as
discussed by Taylor and Flanagan (1989). The length scale is con-
trolled by the horizon rather than the node spacing, an important
difference between the peridynamic and classical models. Thus,
for the undamped case, an estimate of the stable time increment
can be written as Dt / d/c0, where c0 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞ=qp is the dilata-
tional wave speed and k and l are the Lam’e elastic constants of
the material. This estimate is only approximate and in most cases
is not a conservative estimate.
3. Strain and stress relations
3.1. Finite deformations
For the non-ordinary state-based peridynamic method, we for-
mulate the solution for ﬁnite deformation problems. The ﬁrst step
is to obtain the non-local deformation gradient for each individual
node. As shown in Silling et al. (2007), this approximation is
FðxÞ¼
Z
H
xðjnjÞðYðnÞnÞdVn
 
BðxÞ; BðxÞ¼
Z
H
xðjnjÞðnnÞdVn
 1
;
ð13Þ
where  denotes the tensor (dyadic) product of two vectors, and
x(jnj) is a dimensionless scalar-valued weight function. The scalar
weight function x(jnj) can be used to give a stronger inﬂuence by
points closer to the point x; however, its optimal value is still a cur-
rent topic of investigation (in our analysis we have just taken it to
be unity and appears to give good results). The quantities in square
brackets are second order tensors. H is the intersection of the body
with a neighborhood of radius d centered at the point x. The second
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tensor because it depends on the shape of the volume of integration.
For a discrete system, the non-local deformation gradient at a node j
can be expressed using Riemann sums as
FðxjÞ ¼
Xm
n¼1
xðjxn  xjjÞðYhxn  xji  ðxn  xjÞÞVn
" #
 BðxjÞ;
BðxjÞ ¼
Xm
n¼1
xðjxn  xjjÞððxn  xjÞ  ðxn  xjÞÞVn
" #1
;
ð14Þ
where m is the total number of nodes within the horizon of node j.
Expression (14) is an average value for the deformation gradient at
a node x obtained from all the xn nodes that connect to x (remem-
ber, the indices here are not tensor indices associated with these
vectors, they just indicate a node number). Additionally, for (14)
to hold, a node xj must always be connected with bonds to at least
three other nodes in the system, otherwise B(xj) cannot be evalu-
ated because the quantity in brackets in the second of (14) is singu-
lar. As with a continuous body, the discrete weight function in (14)
is a dimensionless scalar-valued function of jnj.
Using the non-local deformation gradient, non-local values ini-
tially at point x can be obtained for the Lagrangian strain tensor
E(x), rate of deformation tensor D(x), velocity gradient tensor
L(x), and spin tensorW(x) using the methods described by Malvern
(1969) for the general continuum mechanics approach.
Computational techniques for evaluating the large-deformation,
materially non-linear response of solids generally requires consti-
tutive relationships between the rate of stress and the rate of strain
in the body. This rate formulation requires constitutive relation-
ships that satisfy the principle of material frame indifference
(Malvern, 1969), mandating a stress rate which is objective with
respect to arbitrary rigid-body translations and rotations. Follow-
ing Flanagan and Taylor (1987) we pose our constitutive models
in terms of the conventional Cauchy stress in a unrotated frame
of reference. This frame of reference is deﬁned using the rotation
obtained from the polar decomposition of the deformation gradi-
ent. We use the left decomposition such that
FðxÞ ¼ VðxÞ  RðxÞ; ð15Þ
where V(x) is the non-local left stretch tensor, R(x) is the non-local
orthogonal rotation tensor (i.e. R(x) RT(x) = I). The left and right
stretch tensors are non-singular and positive-deﬁnite.
VðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
FTðxÞ  FðxÞ
q 
¼ NðxÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KðxÞ
p 
 NTðxÞ; ð16Þ
where ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃKðxÞp Þ is a diagonal matrix of the square roots of the eigen-
values of FT(x) F(x) and N(x) is the modal matrix of the eigenvec-
tors. The right stretch tensor is obtained in a similar way. The
advantage of casting the constitutive models in the unrotated refer-
ence frame is the material derivative of the unrotated Cauchy stress
is objective, where as in the rotated frame of reference it is not.
After the constitutive equations are applied in the unrotated conﬁg-
uration the Cauchy stress can be rotated back to the deformed
conﬁguration.
In order to obtain the non-local left stretch tensor V(x) and rota-
tion tensor R(x), and update them at every time step we must ﬁrst
obtain the rate of deformation tensor D(x) from the time derivative
of the Lagrangian strain tensor E(x). Next, we obtain the velocity
gradient L(x) from the material time derivative of the deformation
gradient and the inverse of the deformation gradient. The spin ten-
sor W(x) is obtained by subtracting the rate of deformation tensor
D(x) from the velocity gradient L(x). From Flanagan and Taylor
(1987), the velocity gradient can then be expressed as
LðxÞ ¼ _VðxÞ  V1ðxÞ þ VðxÞ XðxÞ  V1ðxÞ; ð17Þwhere X(x) is an skew-symmetric rate of rotation tensor that rep-
resents the rate of rigid-body rotation at a material point where
XðxÞ ¼ _RðxÞ  RTðxÞ; ð18Þ
and in general W(x)–X(x). Post-multiplying (17) by V(x) gives an
expression that deﬁnes the decomposition of L(x) into _VðxÞ and
X(x) such that
LðxÞ  VðxÞ ¼ _VðxÞ þ VðxÞ XðxÞ: ð19Þ
When (19) is contracted with the permutation tensor eijk, the sym-
metric part of _VðxÞ vanishes to give a set of three linear equations
for the three independent components of X(x). The skew-symmet-
ric part of a second-order tensor can be expressed in terms of a vec-
tor and the permutation tensor; therefore, we can deﬁne the dual
vectors which represent right handed rates of rotation from
xiðxÞ ¼ eijkXjkðxÞ;
wiðxÞ ¼ 12 eijkWjkðxÞ:
ð20a-bÞ
Using the spin tensor W(x) and (20a,b) in (19) provides an expres-
sion for determining X(x) from W(x) and V(x) where
xðxÞ ¼ wðxÞ þ ½ItrðVÞ  VðxÞ1  zðxÞ ð21Þ
and
ziðxÞ ¼ eijkDjmðxÞVmkðxÞ: ð22Þ
Now, we need to determine R(x) and also integrate it and V(x) at
every time step. The initial value of R(x) is obtained from
[R(x)]0 = [V1(x) F(x)]0 at time t = 0. From Flanagan and Taylor
(1987), the updated value of R(x) is obtained from the relation
½RðxÞpþ1 ¼ I
1
2
DtXðxÞ
 1
 Iþ 1
2
DtXðxÞ
 
 ½RðxÞp; ð23Þ
where p is the beginning of the time step, p + 1 is the end of the time
step, and Dt is the time increment. The time rate of change of the
left stretch tensor V(x) is
_VðxÞ ¼ ðDðxÞ þWðxÞÞ  VðxÞ  VðxÞ XðxÞ; ð24Þ
and is integrated to give
½VðxÞpþ1 ¼ ½VðxÞp þ Dt _VðxÞ: ð25Þ
Once the updated value of R(x) is known, the rate of deformation
tensor D(x) can be rotated to the unrotated conﬁguration as
dðxÞ ¼ RTðxÞ  DðxÞ  RðxÞ; ð26Þ
where d(x) is the unrotated rate of deformation tensor. This tensor
is then used with any constitutive equation developed for explicit
time integration to give the unrotated Cauchy stress rate in the
unrotated conﬁguration. Integrating the Cauchy stress rate with re-
spect to time gives the unrotated Cauchy stress which is rotated
into the deformed conﬁguration by the relation
rðxÞ ¼ RðxÞr^ðxÞRTðxÞ: ð27Þ
Each material point in the unrotated orientation has its own refer-
ence frame which rotates such that the deformation in this frame is
a pure stretch. Therefore, r(x) is the tensor r^ðxÞ in the ﬁxed global
reference frame, and their conjugate strain rate measures are D(x)
and d(x), respectively.
The principle of material frame indifference (objectivity) re-
quires that a constitutive model must be insensitive to a change
of reference frame (Prager, 1961; Malvern, 1969; Pinsky et al.,
1983; Lubliner, 1990). This requires that only objective quantities
be used in a constitutive law. An objective quantity is one which
transforms in the same manner as the energy conjugate stress
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fore, the fundamental advantage of the unrotated Cauchy stress
over the true Cauchy stress is that the material time derivative of
r^ðxÞ is objective, whereas the material time derivative of r(x) is
not.
For the following examples, we use a von Mises elastic–plastic
isotropic linear hardening model with an associated ﬂow rule
and radial return based on the formulation in Taylor and Flanagan
(1989) for the individual node deformations. For this model, we re-
quire the unrotated rate of deformation tensor given by (26) to be
used in the constitutive model to obtain the unrotated Cauchy
stress tensor r^ijðxÞ. After this is obtained, it is rotated back into
the deformed conﬁguration using (27). Other constitutive models
developed for explicit ﬁnite element codes can also be easily
implemented into the EMU computer code.
3.2. Bond rupture
To determine if a bond breaks between x and x0n, we use two
methods. The ﬁrst method utilizes the equivalent strain which is
a measure of the shearing strain. First, we average the values of
the Lagrangian strain tensors at x and x0n (for small strains the
Lagrangian strain is approximately equal to the true strain) such
that EIJðx;x0nÞ ¼ ðEIJðx0nÞ þ EIJðxÞÞ=2. The equivalent strain is ob-
tained from the second invariant I02 of the averaged deviatoric
strain tensor E0IJðx;x0nÞ ¼ EIJðx;x0nÞ  1=3EKKðx;x0nÞdIJ and can be ex-
pressed as
Eeqðx;x0nÞ ¼
ﬃﬃﬃﬃﬃﬃﬃ
4
3
I02
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
EIJðx; x0nÞEIJðx;x0nÞ
r
¼
	
2
9
ðE11ðx;x0nÞ  E22ðx;x0nÞÞ2 þ ðE22ðx; x0nÞ
h
E33ðx;x0nÞÞ2
þðE11ðx;x0nÞ  E33ðx;x0nÞÞ2
i
þ 4
3
E12ðx;x0nÞ2 þ E13ðx; x0nÞ2
h
þE23ðx;x0nÞ2
i
1=2
; ð28Þ
if the averaged value in (28) is greater than a critical value of the
equivalent strain, the bond breaks and is no longer included in
the analysis. The critical values of Ecriteq ðx; x0nÞ are obtained from
experiments and the individual bonds are given statistically distrib-
uted values of Ecriteq ðx;x0nÞ.
Next, we consider the averaged value of the volumetric strain
(dilation) obtained for the principle directions which is given by
the summation of the three strain invariants as
EVOLðx;x0nÞ ¼ I1 þ I2 þ I3
¼ E11ðx; x0nÞ þ E22ðx; x0nÞ þ E33ðx; x0nÞ
þ E11ðx;x0nÞE22ðx; x0nÞ þ E22ðx; x0nÞE33ðx;x0nÞ
þ E11ðx;x0nÞE33ðx; x0nÞ þ E11ðx; x0nÞE22ðx;x0nÞE33ðx;x0nÞ:
ð29Þ
For small strains, this can be approximated by I1, and the bond fails
if a critical value of EcritVOLðx;x0nÞ is attained and is no longer included
in the analysis. The critical values of EcritVOLðx;x0nÞ are also obtained
from experiments and the individual bonds are given statistically
distributed values of EcritVOLðx;x0nÞ.
Here, we have deﬁned the bond failure in terms of strain invari-
ants; however, as an alternative bond failure can also be just as
easily deﬁned in terms of critical values of stress invariants or an
energy criterian.
3.3. Non-ordinary peridynamic force state vector
As indicated in Eq. (1), the peridynamic model determines the
internal force density acting on any point x by integrating the con-
tributions from the force state at x and from the force states atother points x0 within the horizon. The force states are functions
that associate with each bond x0  x a force density (per unit vol-
ume squared) acting through the bond.
To determine how the force state depends on the deformation
near x, there are two general approaches. The ﬁrst approach is to
formulate a constitutive model in which T depends explicitly on
the deformation state Y[x,t]. For example, in an elastic peridynamic
material model, the strain energy density functionW(Y) is given. In
this case, the force state is found from the Frechet derivative of this
strain energy density function as described in Section 2 above. The
Frechet derivative is an extension of the more familiar tensor gra-
dient in the classical theory of mechanics.
The second approach is to use a traditional stress–strain model
from the classical theory as an intermediate step. In this method,
the deformation gradient tensor Y is obtained from Eq. (6). Such
a deformation gradient tensor is only an approximation to the
deformation state, because the deformation state is a non-local
quantity. Representing the bond deformations contained in Y by
F amounts to approximating the bond deformations by the ﬁrst
term in a Taylor series centered at x (Silling and Lehoucq, 2008).
To explain this second approach, suppose a strain energy den-
sity function W(F) for a classical (local) hyperelastic material is gi-
ven. Thus, the transpose of the ﬁrst Piola–Kirchhoff stress tensor
which is obtained using the Cauchy stress tensor, the determinant
of the deformation gradient tensor, and the inverse of the deforma-
tion gradient tensor. This is then related to the strain energy by the
relation
½r0T ¼ @W
@F
: ð30Þ
The next step is to relate this stress tensor to the force state, which
can then be used directly in the peridynamic equation of motion (7).
To do this, the method described in Section 18 of Silling et al. (2007)
is applied. The basic idea is that W depends on F, which depends on
Y; therefore the appropriate notion of the chain rule for Frechet
derivatives can be applied:
T ¼ rW ¼ @W
@F
rF: ð31Þ
(See Section 2 above for the deﬁnition of the Frechet derivative.)
With this expression, after evaluating the Frechet derivative explic-
itly, the force state is found to be
Thx0  xi ¼ xðjx0  xjÞ½r0ðFÞT  B  ðx0  xÞ: ð32Þ
This result deﬁnes the force density associated with each bond
x0  x. Recall that the tensor B ﬁrst appeared in (13). So, this process
of mapping a stress tensor onto a peridynamic force state is, in a
sense, the inverse of the process of approximating the deformation
state by a deformation gradient tensor. A peridynamic constitutive
model that uses stress as an intermediate quantity, as described
here, in general results in bond forces that are not parallel to the de-
formed bonds. In the terminology of Silling et al. (2007), such a peri-
dynamic constitutive model is called non-ordinary. Although the
peridynamic constitutive model in (32) was derived for hyperelastic
materials, we assume that it holds for other types of materials as
well.
4. Results
As a ﬁrst example, we consider an isotropic linear elastic bar
that is initially subjected to a quasi-static stretch giving a constant
strain in the x1 direction of e11 = 1.0e3 m/m and e22 = e33 = e12 =
e13 = e23 = 0. The bar is held in this position and then rotated 90
about the x2 axis at an angular velocity of 3.5  105 rad/s. The
isotropic linear elastic properties of the bar are a Young’s modu-
lus of E = 200 GPa, a Poisson’s ratio of m = 0.3 and density of
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254 mm in length, 12.8 mm in width and 12.8 mm thick. In
Fig. 2, we show the Von Mises stress in the bar at 0, 30, 60,
and 90. As observed, the invariant Von Mises stress remains
the same throughout the rotation. The stress state as a function
of rotation is shown in Fig. 3. As observed, the normal stresses
in the x1 and x3 directions reverse, and the shear stress r13
reaches a maximum at 45 as expected. This result indicates that
the rotation algorithm is very accurate.
As a second example of our new non-ordinary state-based peri-
dynamic theory, we consider a rectangular bar that is ﬁxed at one
end and subjected to an initial velocity gradient. We solve the
problem using both the discrete non-ordinary state-based peridy-
namic method, and also with the one-dimensional small strain
wave equation. The bar has the same dimensions as that used in
the ﬁrst example. The initial velocity gradient for the non-ordinary
state-based peridynamic method was taken to be
L ¼
394 0 0
0 130 0
0 0 130


1
s
: ð33Þ
The elastic material properties of the bar were taken to be that
of 6061-T6 aluminum and are given in Table 1. The discrete peridy-
namic lattice that was used consisted of 3600 nodes with a equal
lattice spacing of Dl = 2.566 mm in all directions. A time step of
Dt = 5.0  108 s was used which is less than the critical time step
for the explicit time integration scheme. The computation for 3600
nodes ran for 625 CPU seconds on a Dell Precision 670n EM64T
work station with a 3.0 GHz Intel Xeon processor and 2 GB ofFig. 2. Von Mises stress (a) h = 0, (b) hmemory. Additionally, the dimensionless scalar-valued weight
function was taken to be a constant value of x(jnj)n = 1.0. The
one-dimensional elastic wave equation for this problem is given by
@2u
@x2
¼ 1
c2
@2u
@t2
; ð34Þ
where c ¼ ﬃﬃﬃﬃﬃﬃﬃﬃE=qp is the one-dimensional wave speed, E is Young’s
modulus q is the density, u is displacement, x is the spatial distance,
and t is time. The initial conditions for the problem are
uðx;0Þ ¼ 0;
@uðx;0Þ
@t
¼ 100x
l
;
ð35a-bÞ
where l is the length of the bar. The boundary conditions for the
problem are
uð0; tÞ ¼ 0;
@uðl; tÞ
@x
¼ 0:
ð36a-bÞ
The solution of (34), (35), and (36) is
uðx; tÞ ¼
X1
n¼1
1600l sin ð2n1Þp2
 
c½ð2n 1Þp3
 sin cð2n 1Þpt
2l
 
sin
ð2n 1Þpx
2l
 
: ð37Þ
Due to the velocity gradient initial condition, strains and stres-
ses in the bar are uniform during early part of the deformation at
any instant of time, and provide a homogeneous deformation in= 30, (c) h = 60, and (d) h = 90.
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Fig. 3. Stress components using the ﬁnite rotation algorithm.
Table 1
Material properties for 6061-T6 aluminum.
Density,
q (kg/m3)
Young’s
modulus, E (GPa)
Yield strength,
Y (MPa)
Hardening modulus,
E0 (MPa)
Poisson’s
ratio, m
2710.0 69.0 255.0 0.0 0.33
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x1 = 0.127 m, x2 = 0 m, and x3 = 0 m which is in the center of the
bar. In Fig. 4, we compare the stress–strain results obtained from
both methods, and as observed, they are indistinguishable. This
implies that for small strain problems, the method employed for
obtaining the deformation gradient with the non-ordinary state-
based peridynamic method provides good results. In Fig. 5, we
compare velocities at several locations along the bar for both the
analytical and peridynamic methods. It is observed again that both
methods give the same result. Additionally, in Fig. 6, we compare
the displacements at several locations along the bar and also get
the same result from both methods.
As a ﬁnal example we illustrate the fracture capabilities of the
new method. To do this, we increased the width and thickness of
the bar to 30.8 mm, which increased the lattice size to 16,770
nodes. A notch was placed in the center of the bar with a length
of 15.4 mm and width of 5.13 mm. We have free end boundary
conditions at each end of the bar and use the velocity gradient ini-
tial condition
L ¼
787:4 0 0
0 262:2 0
0 0 262:2


1
s
; ð38Þ
which is applied from the ends of the bar to the center of the bar
which is now the origin, and gives bar end velocities of 100 m/s
in the positive direction and 100 m/s in the negative direction.
We neglected the effects of the dilatation invariant, and only con-
sidered the distortional invariant and took this critical strain invari-
ant to be Ecriteq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4=3I02
q
¼ 0:0042 m=m, which is consistent with
that for 6061-T6 aluminum in tension. Due to the notch in thebar, the strain and stress is no longer homogeneous throughout
the bar and the notch induces strain and stress concentrations. In
Fig. 7, we show the progression of the cracks that emanate from
the notch tips over time as a function of damage which varies be-
tween 0 (no damage) and 1 (completely damaged). At time
t = 0.0 s there is no damage in the bar as shown in Fig 7a. At time
t = 2.5  106 s there is a small amount of damage starting at the
notch tips as expected and is shown in Fig. 7b. At time
t = 1.5  105 s the cracks are propagating in the horizontal direc-
tion from each of the notch tips as shown in Fig. 7c. At time
t = 2.5  105 s the cracks have propagated in the horizontal direc-
tion from each of the notch tips to the edges of the bar and the bar
has split into two separate pieces as shown in Fig. 7d. The compu-
tation for 16770 nodes took 2272 CPU seconds on the Dell Precision
670n EM64T work station. After a period of time the initial velocity
gradient is overcome by the elastic resistance and the bars displace-
ment reverses, and a pristine bar will not fail. Therefore, to examine
the failure of pristine bar without a notch we need to increase the
velocity gradient so that its displacement does not reverse in the
time required for the bar to fail with no initial stress concentrations.
To do this, we increase the initial velocity gradient by a factor of 10
giving
L ¼
7874:0 0 0
0 2622:4 0
0 0 2622:4


1
s
ð39Þ
so that the pristine bar will fail uniformly before the initial velocity
gradient is overcome by the elastic resistance. As shown in Fig. 8b,
all bonds in the bar fail at approximately t = 1.75  106 s for the gi-
ven initial velocity gradient.
5. Conclusions
In this paper, we developed a new non-ordinary state-based
peridynamic theory for use in solving three-dimensional transient
dynamic solid mechanics problems. In contrast to the previously
developed bond-based and ordinary state-based peridynamic
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Fig. 4. Stress and strain in the bar at L = 127 mm using both the analytical and peridynamic solutions.
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Fig. 5. Velocity at several locations along the bar using both the analytical and peridynamic solutions.
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state-based peridynamic method is not restricted to only central
force loading in the bonds or a constant Poisson’s ratio of 1/4 as
with the bond-based method. With the non-ordinary state-based
peridynamic method, the loading in the bonds is described through
the use of second-order strain and stress tensors which are related
through standard constitutive models and make it a much more
realistic way for modeling a continuum. Additionally, we employour constitutive equations in an unrotated conﬁguration which al-
lows us to use the conventional Cauchy stress and then rotate it
back to the deformed conﬁguration. Comparison with a well estab-
lished one-dimensional analytical analysis of a bar shows that this
new method provides vary accurate results for strain, stress, veloc-
ity and displacement; therefore, it has the capability of being used
for large scale dynamic simulations of complex three-dimensional
structures.
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Fig. 7. Fracture as a function of damage in a notched aluminum bar: (a) t = 0.0 s, (b) t = 2.5  106 s, (c) t = 1.5  105 s, and (d) t = 2.5  105 s.
1194 T.L. Warren et al. / International Journal of Solids and Structures 46 (2009) 1186–1195As discussed in Silling (2000) and Silling et al. (2007), the non-or-
dinary state-based peridynamic theory does not use partial deriva-
tives to represent the relative displacement and force between anytwo neighboring particles, which are undeﬁned along discontinu-
ities. Therefore, since integration is used as opposed to spatial deriv-
atives the non-ordinary state-based peridynamic method does not
Fig. 8. Fracture as a function of damage in an aluminum bar: (a) t = 0.0 s and (b)
t = 1.75  106 s.
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placement or any of its spatial derivativesmay be located. As shown
in this paper, strains and stresses can be deﬁned in the connecting
bonds which can then be used with any number of failure theories
which allows for the method to easily nucleate and/or propagate
cracks and voids in the body that is being analyzed. In this paper,
we show the fracture based on a critical value of equivalent strain
for both a notched and pristine bar subjected to an initial velocity
gradient. For the notched bar, strain (stress) concentrations are ob-
served at the notch tips and then propagate outward. For the pris-
tine bar, all of the bonds brake at almost the same time.
In order to illustrate the accuracy of our large rotation algo-
rithm, we initially stretch a bar to a constant strain value, and thenrotate it through an angle of 90. In this analysis, we show that the
two normal stresses perpendicular to the axis of rotation reverse,
and the shear stress reaches a maximum at 45 as required.
Although the peridynamic method requires more computa-
tional time per node than ﬁnite elements, it appears to be prom-
ising for applications that do not lend themselves to ﬁnite
element analysis. In particular, it appears to have advantages
for problems involving one or many mutually interacting cracks
whose trajectories are not known in advance. It also offers the
advantages inherent in a meshless method, particularly the rela-
tive simplicity of modeling complex geometries. The peridynamic
method is fundamentally different from smoothed particle hydro-
dynamics (SPH), and tests to date to not reveal numerical insta-
bilities that have been widely observed in using SPH to model
tensile fracture and fragmentation. It has been demonstrated
(Macek and Silling, 2007) that a peridynamic grid can be success-
fully coupled with a ﬁnite element mesh. Such coupling allows,
for example, a high-damage part of the body to be represented
with peridynamics, while the remainder is modeled with ﬁnite
elements.Acknowledgement
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